First-principles calculations based on density functional theory are performed to study structural and electronic properties of crystalline bundles of (n, 0) zigzag and (0, n) armchair-type single-walled boron nanotubes (SWBNT) with small diameter, about 4-6Å. The results predict a modification in the properties of SWBNT bundles relative to those of isolated nanotubes with small diameter. The predicted modification can be attributed to a significant interplay between intra-and inter-tubular bonds in determining the stability of bundles of small diameter SWBNT, analogous to the role played by intra-and inter-icosahedral bonds in the boron crystalline solids.
Introduction
Elemental boron exhibits rather fascinating chemical versatility which has been well studied in the crystalline solid form, but has scarcely been investigated in nanostructures. Firstprinciples studies have taken the initiative in recent years, reporting some of the energetically competitive configurations of boron sheets and nanotubes [1] [2] [3] [5] [6] [7] . Among the several possible 2D sheet configurations, ideal and buckled triangular {1212} sheets together with a reconstructed triangular {1221} sheets were found to be energetically favorable for forming a nanotube. Note that the stability of a boron sheet is found to be governed by the competing roles played by the threecenter and two-center bonds [1, [3] [4] [5] 7] , and the instability of a flat triangular sheet is attributed to the presence of partially occupied in-plane antibonding states [4] . The tubular structures generated from the relatively stable sheet configurations were predicted to have novel electronic and mechanical properties [1, 2, 5, [7] [8] [9] [10] . For example, ballistic conduction in the single-walled boron nanotubes (SWBNT) was predicted from electron transport calculations [11] . On the other hand, the (n, n) SWBNT were found to be associated with a very low Poisson ratio [1] . 1 Permanent Address: Dipartimento di Scienze e Tecnologie Avanzate, Università del Piemonte Orientale, Via Bellini 25/G, 15100 Alessandria, Italy. 2 Author to whom any correspondence should be addressed.
Synthesis of SWBNT within the diameter of ∼3 nm using Mg-MCM-41 catalyst was recently reported [14] . Since the tubular structures were found to be extremely sensitive to the high energy electron beam, details of their structural morphology are still unknown. The presence of a tubular structure was, however, confirmed by Raman measurements showing the characteristic radial breathing mode at wavenumbers below 500 cm −1 . It is well known that some of the interesting properties of carbon nanotubes (CNT) which can be synthesized as pristine nanotubes appear only in the condensed phase [12, 13] in which they tend to form close-packed bundles [13] . Therefore, it is of great interest to understand how boron nanotubes can be assembled into stable form via inter-tubular interactions in the condensed phase, knowing that the chemical bonding in the boron nanotube is quite different from that in the carbon nanotube [2, 7] .
In a recent theoretical study [7] , it was suggested that the strain energy and inter-tubular interaction of single-walled boron nanotubes are diameter and chirality dependent, in contrast to the case for carbon nanotubes. Following this suggestion, we have considered a specific case of SWBNT with small diameter to investigate their morphological evolution in the close-packed bundles in the crystalline phase. Specifically, we will study bonding, stability, thermodynamic, and electronic properties of SWBNT bundles using the state-of-theart density functional theory. The calculated results show that the subtle interplay between two-centered σ and three-centered π bonds found in the idealized and reconstructed boron sheet configurations yields different morphological features of the corresponding bundles of both zigzag and armchair chiralities, and the presence of a relatively strong inter-tubular interaction modifies stabilities, structural and electronic properties of SWBNT of small diameter in the crystalline bundles.
Method
First-principles calculations were performed on the crystalline bundles of SWBNT in the framework of all-electron density functional theory (DFT) with the Perdew-Wang 91 exchangecorrelation functional form [15] . The periodic linear combination of atomic orbitals (LCAO) approximation as embedded in the CRYSTAL03 [16] program was employed. A linear combination of Gaussian-type orbitals (GTO) was used to construct a localized atomic basis from which Bloch functions were constructed by a further linear combination with plane-wave phase factors. This LCAO-DFT approach has been successfully applied to a wide variety of materials to study their structural and electronic properties [17] .
For our calculations, we begin with a split valence basis set with polarization functions derived from molecular standard 6-31G for boron atoms. The exponents for the most diffuse sp and d shells of this basis set were optimized 3 the convergence of ∼1 mHartree from minimizing the total energy of the {1212} boron sheet which has been previously studied [1-3, 5, 7] . The Brillouin zone was sampled using a 8 × 8 × 8 Monkhorst-Pack grid for the integration in the reciprocal space. The total energy tolerance of 10 −7 Hartree and eigenvalue tolerance of 10 −6 Hartree in the iterative solutions of the Kohn-Sham equations were set.
The reliability of the modeling parameters including the optimized basis set was tested considering the competing low-lying configurations of a boron sheet, namely idealized {1212}, buckled {1212} and reconstructed {1221} sheet configurations [1-3, 5, 7] . As shown in table 1, the results of the present study for idealized and buckled {1212} sheet configurations are essentially found to be consistent with the structure models of previous studies [1, 3, 5, 7] .
Additionally, the optimized basis set was also tested on the well-studied boron crystalline solid, α-B 12 . As shown in table 2, the calculated values compare well with the experimental and previously reported values of geometrical parameters of α-B 12 . For example, the calculated lattice constant of α-B 12 is 5.05Å as compared to the experimental value of 5.06Å [20, 21] . The calculated indirect band gap 1.64 eV agrees well with the previous theoretical [18, 22, 23] (within range of 1.43-1.72 eV) and experimental [24] (∼ 1.9 eV) values. 
Results and discussion

SWBNT
We have considered several possible configurations, shown in figure 1 , of pristine SWBNT [1-3, 5, 7] for electronic structure calculations. Here, we have used the convention established for CNT [25, 26] to describe SWBNT derived from the corresponding 2D sheet configurations.
It must be pointed out that the prototypes of boron sheets proposed in the previous studies [1, 3, 5, 7] have not been observed experimentally. The results of our previous study which performed an extensive search to determine the competing sheet configurations [3] suggest them to be buckled {1212}, idealized {1212} and reconstructed {1221} sheet configurations. Our results on the buckled and idealized {1212} [3] sheet configurations are consistent with the previous studies [1, 2, 5, 7] . Moreover, the reconstructed {1221} boron sheet [2, 3] can be visualized as an assembly of the ground state configuration of the B 6 unit in D 2h symmetry. It is stabilized by the presence of the anisotropic bonding with the localized σ bond (i.e. 1.63Å, table 2) along the armchair direction, and delocalized 3c bonds lying on the zigzag direction within the 'triangular-square-triangular' lattice. Thus the (6, 0) zigzag type I SWBNT (figure 1(A)) can be characterized by a sixfold axis symmetry within the rod group [16] P6/mmm. Similarly, the (0, 6) armchair type II SWBNT (figure 1(B)) derived from the reconstructed {1221} boron sheet [3] is associated with the rod group P31m and D 1 3d symmetry. For the triangular lattice based idealized and buckled {1212} boron sheet derived boron nanotubes, a structure model with well-defined classification schemes has been given recently [7] . For the highly symmetrical configuration of the idealized {1212} boron sheet in a perfect triangular lattice [1-3, 5, 7] , the (n, 0) zigzag and (0, m) armchair type III (figure 1(C)) should be equivalent configurations. However when the puckering is induced to break the symmetry of the idealized {1212} boron sheet [1, 3, 5, 7] , a proper classification scheme is needed in the present study.
Instead of triangular [1] and honeycomb derived [5] primitive cells, we therefore adopt the rectangular primitive cell as suggested by Kunstamann et al [7] to characterize the SWBNT configurations which derived from buckled {1212} boron sheet. Here, the wrapping vector W r is defined as [7] 
with k, l being integers, and a r 1 = A(1, 0) and a r 2 = B(0, 1) the primitive vectors of the rectangular lattice, where the A and B are the lattice constants. Similar to type I and type II SWBNT, the (0, 6) armchair type III (figure 1(C)) and (0, 6) armchair type IV SWBNT (not shown) in the current study are derived from the idealized and buckled {1212} boron sheet configurations, respectively [1-3, 5, 7] . Both type III and type IV SWBNT belong to the rod group of P6/mmm, but are different in terms of the crystallographically non-equivalent B atoms. Note that the diameter of all the tubular configurations considered here is about 4-6Å. Following the suggestion of Kunstmann et al, we do not consider zigzag type IV SWBNT configurations which are less likely to be stable [7] .
Electronic structure calculations were performed on the tubular configurations optimizing their lattice parameter as well as the internal coordinates at each fixed value of crystallographic unit-cell volume. The calculated results show that the SWBNT considered are stable, except the (0, 6) armchair type IV SWBNT which makes a transition to a (6, 0) armchair type III SWBNT during the optimization process. This is consistent with the fact that puckering of the boron sheet is not favorable in forming a small diameter armchair SWBNT due to its high curvature strain energy. This result agrees well with the earlier studies [1, 7] in predicting a smooth surface for the armchair SWBNT in the small radii regime. Here within the small radii regime, we found that the type I SWBNT is stable over the type III by nearly 0.42 eV/atom. Knowing the fact that inter-tubular interactions are expected to play an important role in determining the stability of the system [7] , we therefore carry on our studies of SWBNT bundles based on these two distinct BNT species.
Crystalline bundles of SWBNT
Considering the fact that inter-tubular interactions are expected to play an important role in determining the stability of the SWBNT bundles [7] , two distinct morphologies of SWBNT bundles consisting of type I (6, 0) zigzag and type III (0, 6) armchair SWBNT with small diameter are considered for electronic structure calculations. The crystalline bundles of SWBNT were represented by arrays of identical nanotubes arranged in a hexagonal lattice. The tubes are of infinite length and not capped. In a hexagonal unit cell, a is defined as the sum of the diameter of the nanotube and its inter-tubular distance, and c represents the periodicity of a SWBNT along its tubular axis. Figure 2 shows the calculated potential energy surface (i.e. total energy versus volume) of the bundles where the lattice parameters as well as the internal coordinates of the tubular configuration were optimized at each value of the unit-cell volume on the energy surface. It was followed by the optimization of the tubular configuration without using any symmetry constraint during the optimization. As shown in figure 2 , the sparse configuration on the energy surface is defined as a configuration where a bundle consists of weakly interacting SWBNT with R inter B-B 3Å. On the other hand, the equilibrium configuration is associated with the lowest total energy of a given type of bundles. The calculated equilibrium volume is 200 and 165Å 3 for type I and type III bundles, with cell density 2.22 and 2.69 g cm −3 respectively. Table 3 collects structural and geometrical features of the bundles associated with the sparse and equilibrium configurations on the energy surface shown in figure 2 .
Structural properties.
There appears to be a crossover of the stability of bundles as the inter-tubular interaction becomes stronger between SWBNT with small diameter. As the overall trend, type I bundles are more stable in the sparse configuration due to their high stability in static energy as pristine nanotubes (section 3.1), whereas type III bundles become more stable in the equilibrium configuration by settling down in rather compacted, interlinked bundles as shown in figure 3 . This fact is reflected in a relatively large change of the cohesive energy of type III bundles (∼0.59 eV/atom) in going from the sparse configuration to the equilibrium configuration (table 3, figure 2 ), gaining almost 10% of cohesive energy relative to α-B 12 solid. For the small diameter SWBNT, it is noteworthy that type III SWBNT is not energetically preferable relative to type I SWBNT, though a relatively stronger inter-tubular interaction within the bundles is crucial in stabilizing type III bundles over type I bundles. In fact, our prediction is consistent with the results of a previous study [7] predicting the same order of gain in energy ( E coh ∼ 0.30 eV/atom) for a larger diameter (i.e. ∼6-12Å) armchair SWBNT bundles. Such a large gain in cohesive energy clearly points to the fact that inter-tubular interaction in the SWBNT bundles is different from that in the carbon nanotube bundles, which are bonded by weak van der Waals interactions [27] .
Bonding.
In type I SWBNT, the chemical bonding is dominated by the localized two-centered (2c) σ bonds along the tubular direction, whereas the delocalized threecentered (3c) π bonding features with nearly homogeneous electron distribution describe the bonding in type III SWBNT (figure 4). The 'three-centered' bond (3c) generally involves two electrons in a molecular orbital (MO) formed by three atomic orbitals (AO), which yields triangular face configurations (i.e. a triangular B-B-B unit) [28, 29] . In order to extract this unique feature of bonding in boron nanostructures, we use Mulliken population analysis, together with electronic charge density maps for the SWBNT and crystalline bundles considered.
In the sparse configuration of the crystalline bundles, there is almost no total charge density distribution in the inter-tubular region as shown in figure 5 . The total charge density is nearly equivalent to the superposition of charge densities of individual pristine nanotubes. For bundles in the equilibrium configuration, we use the Mulliken population analysis to estimate the strength of the intra-tubular and inter-tubular bonds in terms of the degree of overlap population b(A 0 , B 0 ) in units of e among the nearest neighbors. Table 4 collects the values of b(A 0 , B 0 ) associated with the atoms in either intra-tubular or inter-tubular bonding regions of the crystalline bundles. In type I bundles, there is a dominance of the σ bonds which interconnect the 'trianglesquare-triangle' along the tubular axis over the π bonds associated with the boron atoms along the triangular network in the intra-tubular region. The 2c bonds in the crystalline bundles, therefore, appear to be as rigid as those in isolated nanotubes.
For type III bundles, the inter-tubular interaction is described by both 2c and 3c bonds, both having significant strength. Interestingly, the strength of 3c bonds is nearly the same in both inter-and intra-tubular regions (table 4) . Furthermore, a presence of 'buckling' induced two-centered σ bonds in the intra-tubular and inter-tubular regions of the bundles is confirmed, though they were not present in the isolated type III SWBNT. This is also reflected in a rather large value of about 0.92 of the degree of polygonization (i.e. η = r s /r l , where r s and r l are the short and the long radial dimensions of the nanotube cross section, respectively) of SWBNT in type III bundles 4 . The difference in inter-tube interaction between type I and type III bundles is mainly due to differences in their bonding features in the respective pristine SWBNT. In type I SWBNT, the bonding is dominated by two-centered (2c) σ bonds with b(A 0 , B 0 ) = 0.66 e, whereas the bonding features in type III SWBNT are dominated by three-centered (3c) π bonds with nearly homogeneous electron distribution with b(A 0 , B 0 ) = 0.41 e (i.e. table 4 and figure 4 ). When we bring the small diameter SWBNT together to form a bundle, the rigid two-centered σ bonds along tubule axial direction in type I SWBNT cannot easily be deformed, leading to a weaker (i.e. b(A 0 , B 0 ) = 0.33 e from table 4) inter-tube interactions in type I bundles. On the other hand for type III SWBNT bundles, relatively weak two-centered σ bonds lying along the circumferential direction are found easily distorted to yield stronger inter-tubular 2c and 3c bonds (i.e. b(A 0 , B 0 ) = 0.52 and 0.36 e, respectively). This unique bonding character is consistent with the previous study [7] suggesting that distortion of the circumferential σ bonds is expected to enhance the surface chemical reactivity attributed mainly to the unsaturated dangling bonds on the tubular surface for type III SWBNT.
Our results, therefore, suggest that a larger gain in the cohesive energy of type III bundles in going from the sparse to the equilibrium region (figure 2) can be attributed to the presence of a stronger interaction in the inter-tubular region of type III bundles. The buckling of SWBNT in bundles due to the presence of the flexible or 'softer' 3c bonds formed on the tubular surface facilitates the release of the strain of the tubular configurations in bundles. Specifically, the enhanced stability of this system (i.e. E coh = 0.59 eV/atom for small radii SWBNT bundles versus E coh ∼ 0.30 eV/atom for large radii SWBNT bundles [7] ) via stronger inter-tubular interactions can be attributed to an enhanced reactivity of small diameter armchair type III SWBNT as hypothesized in the recent study [7] .
Thermodynamic properties.
We use a quasi-harmonic approximation to obtain thermodynamic properties of the SWBNT bundles in which the Debye temperature ( D ) is taken to be dependent upon the volume of the crystalline bundles [30] . Accordingly, the calculated potential energy surface (figure 2) is fitted to the well-known Vinet equation of state (EOS) [31] as shown in figure 6 . It yields the bulk modulus (B 0 =) of 84.9 GPa for type I and 110.5 GPa for type III bundles 5 . The calculated results therefore find the modulus of compressibility for SWBNT crystalline bundles to be significantly higher than that of carbon nanotube based bundles having the bulk modulus of about 42 GPa [37] . In this case, a relatively high modulus of compressibility of SWBNT bundles over SWCNT bundles can be attributed to the dissimilar strength of the inter-tubular interactions in BNT 5 The calculated bulk modulus B 0 for individual SWBNT, using the linear elastic solid model, was found to be in the range of ∼100-300 GPa, similar to that for carbon nanotubes (e.g. B ∼ 130-260 GPa) [32] [33] [34] [35] . Similarly, on the basis of the conventional well-established classical continuum model [12] , by assuming extreme disparity between the inter-tube and intra-tube interactions, together with neglecting the coupling between the two interactions in our model initially when inter-tubular separations are large, accordingly we can define B, which is analogous to the deformations in the plane perpendicular to the tubular axis, as [12] 
where the A 0 and V 0 are the corresponding equilibrium cross section and cell volume of the system. Here the predicted B 0 of type I and type III are 52 and 135 GPa respectively, and match very well with the results that we obtained by fitting to Vinet's equation of state (EOS) [31] . It is important to note that the consistency of these two set values of B 0 for type I and type III SWBNT bundles yielded from these two different models can be compared with B 0 for carbon nanotube bundles on the same footing, since the validity of the model applied to the latter has been well justified [12, 33, 34, 37] . and CNT. For CNT bundles consisting of SWCNT with radii ∼3.8-7.0Å bundles, the previous studies predict that the pristine CNT interact weakly at separation ∼3.1Å, relative to graphite layers separated at 3.35Å [34, 37] . On the other hand, the equilibrium configuration of small diameter SWBNT bundles indicates the inter-tube distance, R inter ∼ 1.7-2.0Å, and the inter-tube interaction is dominated by relatively strong 2c and 3c bonds as mentioned in the previous section. The Gibbs function is now minimized with respect to V to obtain the equilibrium volume of the crystalline bundles at constant p and T . As shown in the inset of figure 6, type III bundles become relatively stable with respect to type I bundles as the pressure is increased. The Gibbs free energy difference between type I and type III bundles increases from ∼270 to 690 kJ mol −1 (i.e. ∼2.80-7.15 eV) as we increase the pressure from zero to 20 GPa at 0 K. This trend persists even at 300 K. Overall, a close-packed condensed crystalline phase for the SWBNT bundles is predicted to be thermodynamically stable in the present study.
On the basis of the Debye model [30] , the Debye temperature ( D ) was calculated using the second derivative of E coh . It is predicted to be 957 and 731 K at zero temperature, and 945 and 704 K at room temperature for type I and type III bundles, respectively. For both crystalline bundles, the calculated D are found to be less than that of 1219 K for β-boron solid [38] , but higher than that of 402 K for graphite [39, 40] . Interestingly, within Debye's model, the temperature dependence of the heat capacity can be well defined by the Debye temperature D related to the maximum phonon frequency, ν D in the phonon spectrum. Since the vibrational frequency is always proportional to the square root of the stiffness within the harmonic approximation, D can be used to characterize the stiffness of a solid, referred to as the 'Debye stiffness' [40] . The Debye stiffness (which is ∝ D ) is then related to the hardness (in terms of resistance to plastic deformation) of a material expressed quantitatively in terms of the bulk modulus B 0 . Our results for the Debye temperature D are consistent with the order of the calculated values for the bulk modulus for both type I and type III BNT bundles (B 0 = 84.9 and 110.5 GPa respectively), graphite [34, 40] (B 0 ∼ 28-39 GPa) and boron solids (B 0 ∼ 185 and 178-220 GPa for α and β phases, respectively [20, 36] ).
Electronic properties
The crystalline SWBNT bundles show metallic features, similar to the pristine boron nanotubes regardless of composition and chirality. This is in contrast to the case for carbon nanotubes where chirality determines the electronic properties to be metallic or semiconducting.
It is to be noted here that the elemental boron nanowires exhibit the semiconducting features [41] . The difference between the electronic properties of bundles and nanowires can be attributed to the distinct local geometric structures of SWBNT as compared to the icosahedral cluster based nanowires [27] .
The dispersion of the bands associated with the crystalline bundles in the Brillouin zone responds to the degree of intertubular coupling, as expected. It is important to note that the number of available states near Fermi energy can affect the electron transport properties significantly, both in macroscopic and in mesoscopic systems [42] . Accordingly, for the sparse configuration, the band diagram and DOS of the crystalline bundle can be well represented by those for a pristine SWBNT (figure 7). As the inter-tubular interaction becomes dominant, multiple bands associated with intra-tubular and inter-tubular bonds cross at the Fermi level in type I bundles ( figure 8) .
Considering the ballistic transport [25] consisting of single-electron conduction with no phase and momentum relaxation, the intrinsic quantum conductances of a nanotube can be extracted from its band structure. Therefore, the conductance G is given by the Landauer formula [25] :
where T is the transmission probability for a channel, and is given by the sum of transmission probabilities from i th to j th channels, |t i j | 2 . Assuming that T is constant near the Fermi energy with no electron scattering, the quantized conductance G is proportional to M, which defines the number of channels available for coherent electron propagation in the nanotube. Accordingly, the ballistic conductance G of each SWBNT considered in the present study can be determined by the number of bands M crossing the Fermi level defined as G = MG 0 , where G 0 = 2e 2 h . Thus, in the ballistic limit, the conductance of metallic type I SWBNT [11] is 2G 0 , similar to that associated with the metallic SWCNT. A higher value of the conductance of 5G 0 associated with type III SWBNT can be attributed to the valence electrons of boron which are shared uniformly forming delocalized 3c bonds, thereby enhancing the probability of electron conduction in the axial direction.
On taking into account of the presence of neighboring nanotubes in a SWBNT bundle, the intrinsic conductance in the 'bulk-like' crystalline bundles is expected to occur along the tubule axial direction (i.e. along -A in figure 8 ), similarly to that in the corresponding pristine nanotube ( figure 7) . Here, the conductances of type I and type III bundles are found to be 4G 0 and 3G 0 , respectively. In type I bundles, the enhanced Figure 7 . The band structure along tubular axis associated with the -A symmetry line, together with the total density of states (DOS) and intrinsic quantum conductance plot for both type I SWBNT (top) and type III SWBNT (bottom). All plots are plotted within the range of ±3 eV around the Fermi level E f , with E f aligned at zero.
conductances with four conducting channels ∼4G 0 along the tubular direction are attributed to two partially occupied degenerate inter-tubular σ -like and π-like conduction bands, while the three conducting channels of type III correspond to partially occupied p-type non-bonded orbitals crossing the Fermi level. It is also important to note that the intrinsic conductance of a system is purely based on the number of the available states crossing the Fermi level [42] , and not necessarily proportional to the strength of interaction. In contrast to the type I bundle case, the strong inter-tubular 2c and 3c bonds found in type III bundles are mostly located in the occupied valence bands below the Fermi level making no contribution to the intrinsic conductance.
Summary
The metallic crystalline bundles of small diameter singlewalled boron nanotubes are predicted to be thermodynamically stable with novel properties.
The dominance of intertubular interactions involving two-centered and three-centered bonding features in SWBNT bundles relative to the Van der Waals interactions yield different structural, mechanical, and electronic properties as compared to those associated with isolated SWCNT. Within the small radii regime, it is predicted that if isolated or sparse bundles of small diameter SWBNT are grown, type I bundles based on the reconstructed {1221} boron sheet configuration will be energetically preferred. On the other hand, the close-packed-type III bundles based on the idealized {1212} boron sheet configuration are preferred in the equilibrium configuration. On the basis of the current study on small diameter SWBNT bundles, together with the previous findings from Kunstmann et al, scenarios of chiralities and diameters dependent on BNT growth are found to be rather unique among nanotubular systems. Finally, a subtle competition among the intra-and inter-tubular bonds (i.e. among type I and type III SWBNT) appears to lead to polymorphism associated with the boron nanotubes, suggesting that it may be one of the causes of the difficulty in synthesizing SWBNT.
